Abstract. In this paper we study the behavior of the Ricci flow at infinity for the full flag manifold SU (3)/T using techniques of the qualitative theory of differential equations, in special the Poincaré Compactification and Lyapunov exponents. We prove that there are four invariant lines for the Ricci flow equation, each one associated with a singularity corresponding to a Einstein metric. In such manifold, the bi-invariant normal metric is Einstein. Moreover, around each invariant line there is a cylinder of initial conditions such that the limit metric under the Ricci flow is the corresponding Einstein metric; in particular we obtain the convergence of left-invariant metrics to a bi-invariant metric under the Ricci flow.
Introduction
Let M be a manifold and consider the Ricci flow equation, introduced by L. Hamilton in 1982 [6] , defined by (1) ∂g(t) ∂t = −2Ric(g(t)),
where Ric(g) is the Ricci tensor of the Riemannian metric g. The solution of this equation, the so called Ricci flow, is a 1-parameter family of metrics g(t) in M . Intuitively, this is the heat equation for the metric g ( [8] ). Let G be a compact, connected and semisimple Lie group. A flag manifold is a homogeneous space M = G/H, where H is the centralizer of a 1-parameter subgroup of G, exp tX, where X is in the Lie algebra g of G. In a equivalent way, a flag manifold is the orbit of the adjoint action from G to g of an element X ∈ g (see [3] ). In the context of homogeneous spaces, the study of objects that are invariant by the action of G in M is very natural, for example metrics, tensors, connections and so.
The main aim of this paper is to study the equations of the Ricci flow of left invariant metrics in flag manifolds. The equations of the Ricci flow of invariant metrics in Lie groups were studied in [2] . Specifically, we are interested in the equation (1) restricted to the set of the metrics SU (3)-invariants in the flag manifold
.
It is know that flag manifolds admits an infinite number of invariant non-equivalent metrics. The Ricci tensor of invariant metrics in flag manifolds were calculated in [4] and [10] . The restriction from the set of metrics to the set of invariant metrics is also done in the case of Einstein metrics. We say that a metric g is a Einstein metric if it satisfy the Einstein equation Ric(g) = cg, for some constant c. The Einstein equation is a system of PDEs, but when restricted to the set of invariant metrics becomes a algebraic non-linear system of equations (for instance, [4] and [9] ).
The Ricci flow equation (1) is a nonlinear system of PDEs. When restricted to the set of invariant metrics, such system reduces to a autonomous nonlinear system of ODEs. Moreover, one of the main question about general Ricci flows is to study when and to where g(t) converges when t → ∞, denoted by g ∞ . Because of this, it is natural the proceed the study of the Ricci flow from a qualitative point of view, using tools from the theory of dynamical systems. A recent paper that also study the Ricci flow equation from a dynamical systems point of view is [5] .
In the case we want to study, namely when M is given by (2), the Ricci flow equation (1) has a huge expression and it is, in some sense, equivalent to a cubic homogeneous system of differential equations in R 3 . This is a very wild scenario to study the behavior of the trajectories of a system of differential equations. For example, it is very hard to determine if there is some closed trajectory or some attracting set. Nevertheless, we can study the behavior of system (1) at infinity, using a method introduced by Poincaré, the Poincaré Compactification. To determine the stability of the solutions, we use the Lyapunov exponents; we refer to [12] for a detailed exposition of this technique.
Invariant Metrics and Ricci Tensor Equations in Flag Manifolds
Let G be a compact, connect and semisimple Lie group and denote by g the Lie algebra of G. Let H be a closed connect subgroup of G, with Lie algebra h, and consider the homogeneous space G/H. The point o = eH is called the origin of the homogeneoous space.
Since G is compact and semisimple, the Cartan-Killing form of g is nondegenerete and negative-definite and we will denote by K the negative of the Cartan-Killing form. In this case, we say that the homogeneous space G/H is reductive, that is, g = h ⊕ m and Ad(H)m ⊂ m, where m = h ⊥ . The tangent space at origin o is naturally identicate with m. We define the isotropy representation j :
Left invariant metric are completely determined by its value at the origin o.
If G/H is reductive with an Ad(H)-invariant decomposition g = h ⊕ m, then there is a natural one-to-one correspondence between the G-invariant Riemannian metrics g on G/H and the Ad(H)-invariant scalar product B on m, see [7] .
In this work, we consider the full flag manifold
Given the flag manifold F(3), fix a reductive decomposition of the Lie algebra su(3). Let g be an invariant metric and B the Ad-invariant scalar product on m corresponding to g. Then B have the form B(X, Y ) = K(ΛX, Y ), where the linear operator Λ : m → m is symmetric and positive with respect to the Cartan-Killing form of the su(3). We will denote simply by Λ an invariant metric g on F(3).
and the number of the parameters of a invariant metric in a flag manifold is equal to the number of irreducible nonequivalent Ad(H)-submoules. In case of the flag manifold F(3) this number is 3, see [4] and an inariant scalar product has the form
. For more details about the decomposition of isotropy representation we recommend [1] , [3] .
The Ricci tensor of the an G−invariant metric is also an G−invariant tensor and are completely determined by its value at the origin o. The componets of the Ricci tensor determined by metric Λ in flag manifold F(3) are computed in [10] and [4] and are:
Poincaré Compactification
The study of the behavior of polynomial vector fields at infinity by means of the central projection started in 1881 with Poincaré, while working with planar vector fields. We recommend [11] for the detailed description of this method, including a n-dimensional version.
In this section we just sketch the method in three dimensions, to fix the notation. Consider the polynomial differential system
with the associated vector field X = (P 1 , P 2 , P 3 ). The degree of X is defined as
be the unit sphere with north hemisphere S 3 + = {y ∈ S 3 ; y 4 > 0}, south hemisphere S 3 − = {y ∈ S 3 ; y 4 < 0} and equator S 3 0 = {y ∈ S 3 ; y 4 = 0}. Consider the central projections f + :
. We shall use coordinates y = (y 1 , y 2 , y 3 , y 4 ) for a point y ∈ S 3 . As f + and f − are homeomorphisms, we can identify R 3 with both S 
X(y).
Denote by π : x 2 , x 3 ). Note that π shrink R 3 to its unitary ball and takes the infinity to the sphere S 2 . Now we give an explicit expression in local charts for the vector field p(X). In chart U 1 , X write as (5) z 1 (∆(z)) d−1 in the expression of X. Note that the singularities at infinity have z 3 = 0.
Note that the Poincaré compactification associate R 3 to its open ball, and the infinity of R 3 to S 2 ⊂ R 3 . Let us denote the space resulting from this association by R 3 ∞ ∼ = R 3 ∪ {∞}.
Qualitative behavior of the Ricci flow
The Ricci flow equation system (4), is equivalent (outside the coordinate planes) to the systemλ ij = ρr ij , 1 ≤ i < j ≤ 3, with ρ = 6 λ 12 λ 13 λ 23 . This new system is the polynomial quadratic system We remark that this system just have a geometric meaning for λ 12 , λ 13 λ 23 > 0. Note that the unique singularity of system (8) is the origin, and this singularity appears from the multiplication of (3) by ρ.
Our first result is the following: Theorem 1. Consider the flow ψ t : R 3 → R 3 , t ∈ (−δ, δ) for some δ ∈ (0, ∞], associated with system (4) (or system (8) with the flow restricted to the first octant). There is no p ∈ R 3 such that ψ t (p) = p for all t. In other words, the flow associated to (4) has no singularities in finite time. Writing (8) in the local charts given by (5), (6) and (7), we obtain three polynomial differential systems, each of them with 7 singularities at z 3 = 0 (at infinity). Some of these singularities are in the intersection of the charts, so collecting all of them we have a set with 10 distinct singularities at infinity (as points of the equator of S 3 ). Now if we denote by p ′ j the point in π(R 3 ) corresponding to p j , we have that just 0.198756, 0.198756) are in the first octant, where 1/ρ 3 = 1
and ρ 2 = √ 3. We will just consider these singularities, as system (8) just make sense in the positive octant.
Consider
is also a straight line in R 3 passing through p Proof. This proof is a straightforward calculation.
Note thatγ j = π −1 •γ j : (0, 1) → R 3 has the following behavior: lim t→1 −γ j (t) = ∞ j and lim t→0 +γ j (t) = 0, where ∞ j is just a notation to make explicit the different directions of approaching to the infinity.
Note also that the points p 1 , p 3 , p 4 are saddles and p 2 is a attractor (this can be see looking at the jacobian matrix of each point in (any of) the local chart coordinates). Theorem 2 provide us 4 solutions for (8) (and for (4)). Now we study the stability of these solutions using Lyapunov exponents.
The procedure is the following: (i) first we compute the expression of X in the charts U 1 , U 2 and U 3 using equations (5), (6) and (7); (ii) then we compute the Lyapunov exponents for the point p ′′ j in all of the charts U j ; (iii) if all of the Lyapunov exponents of p ′′ j are negative (in all of the charts) then there is a cylinder C j around the line γ j , outside of a small ball in the origin, such that the solutions beginning at a point in C j goes to p j in the compactification. Table 1 show the Lyapunov exponents λ 1 , λ 2 and λ 3 for solutions γ 1 , γ 2 , γ 3 , γ 4 in chart U 1 . The calculations for charts U 2 and U 3 are similar.
For the proof of the next theorem follow from the calculations in Table 1 . Table 1 . Lyapunov exponents for singularities at infinity in chart U 1 . Remark 2. The value δ > 1/2 in above Theorems is not the smaller possible. Due to numerical instability of system (8) near the origin, we need to take initial values outside a ball B(0, δ), δ > 0. We choose δ = 1/2 just for avoid numeric complications when calculating the Lyapunov exponents. (ii) if j = 2, g ∞ is a normal (Einstein) metric. In particular, if p / ∈ γ 2 then g 0 is left-invariant and g ∞ is bi-invariant.
